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PACS 04 . 50 . -h - Higher-dimensional gravity and other theories of gravity 

Abstract - We present several exact solutions of the warped spherical compactifications in the 
higher-dimensional gravitational theory coupled to scalar and several kinds of gauge fields. We 
then investigate the realizability of the de Sitter spacetime. Having these solutions, we illustrate 
how an external de Sitter spacetime can be obtained only if there is the 0-form field strength. 
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Introduction. — The warped de Sitter compactifica- 
tions involve de Sitter spacetime with warped structure 
in the higher-dimensional gravitational theory. A moti- 
vation for studying the de Sitter compactifications is to 
understand aspects of the inflationary universe and the 
current acceleration of the universe [iHS] (for recent re- 
view see [9]). Most works which have been devoted to 
de Sitter compactifications with finite volume of the in- 
ternal space have been made in the context of the four- 
dimensional effective theory. However, such solutions with 
the spherical internal space have not been extensively ex- 
plored yet in terms of finding the exact solutions in the 
higher-dimensional gravitational theory. 

We will explain how to construct this sort of solutions 
with the warped compactifications explicitly. A reason 
for studying compactifications with warped structure is 
that a lot of the simplest supergravity solutions, such as 
ten- or eleven-dimensional models constructed in |10llll| . 
can be interpreted as warped compactifications. In fact, 
the geometry near the branes can become highly warped. 
The possibilities for making realistic string theory models 
have been investigated in compactifications of the conifold 
with fiux |12 | I13 | . The warped compactification can also 
be used in several phenomenological contexts such as for 
explaining large mass hierarchies |T4j, for cosmology [151 
[TB] and also for arranging for SUSY breaking because the 
exponentially small scale of supersymmetry breaking can 
be explained by warped structure of the metric |17| . 

The spherical compactification has been recently used 
to describe a de Sitter solution for gravity theory [18] . The 
basic idea was to exploit the way in which an S^ arises as 
part of an internal space. Along this way, our intent is 
primarily to study compactifications with warped struc- 
ture in the more elementary case of compactifications on 



S^ X H/^'^^- isici, the model we will focus on has been 



studied, from a rather different vantage point in [T9H2T| . 
A number of important features were pointed out in |18| . 
including not only gravity but also matter fields and the fi- 
nite volume of internal space. The internal space of sphere 
backgrounds stands a much better chance of admitting 
tractable descriptions for the effective theory than any 
other non-compact internal space. Indeed, there is un- 
likely to be any four-dimensional description of a de Sitter 
compactification with non-compact internal space because 
the effective action cannot be obtained from the dimen- 
sional reduction. In compactifications with infinite volume 
of the internal space, the modulus is not finite so that the 
four-dimensional effective theory cannot be used to access 
small volume of the extra dimensions. Such a model has 
also been investigated recently in [22l[23] , which has over- 
lap with our present work but has still become interesting 
in light of other type of compactifications. 

Warped de Sitter solutions. — We consider a grav- 
itational theory with the metric gMN, the scalar field (j) 
and the antisymmetric tensor field of rank p/. The action 
which wc consider is given by 
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2^ 



R*l — ^d(f) A 



(1) 



where is the D-dimcnsional gravitational constant, and 
* is the Hodge operator in ZJ-dimensional spacetime, i^(pj) 
is the p/-form field strength, and c/ is constant. 

The 15-dimensional action Eq. ([T]) gives the field equa- 
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tions: 



the Einstein equations are given by 



Rmn = -^dM4'dN4> 
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A *F(^p,) = , 
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where = Fma.-a^^.^Fm'^''"'^'-'-' ■ In this pa- 

per, the derivation of the solutions completely follows the 
method developed in the previous works devoted to find- 
ing the solutions of the warped de Sitter compactifications 
[TBll^TH^ . To solve the field equations, we assume that 
the ZJ-dimensional metric takes the form 



I 



(5) 



where q^iy{X) is the 7i-dimensional metric which depends 
only on the n-dimensional coordinates x'^ , and Ua/b/ (Z/) is 
the L/-dimensional metric which depends only on the L/- 
dimensional coordinates z""' , the function A{y) depends 
only on the coordinates y, respectively. Note that the 
number of dimensions are related as D = n + Li + 
1. We assume that Z/ is a smooth and compact internal 
manifold. 

The scalar field and the gauge field strengths are as- 
sumed to be 







(6) 
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F(o) 


= m , 


(9) 



where /«, an, oti and m are constants, and co is the 
coupling constant for i^^Q) , and fi(X), loj denote the vol- 
ume ri-form, Lj-form of the Z/, respectively. Note that 
we should not choose m = because of the ansatz of the 
scalar field. Thus, firstly we focus on the case of m 7^ 0. 
We will come back to the case of m = later. The choice 
of the ansatz for metric and matter fields used to solve field 
equations is essential, and a particular coupling constant 
is preferred in order to make both the equations of motion 
and the form fields for the internal spaces including 0-form 
simple. 

For m 7^ 0, we assume that the parameters a„ and ai 
are given by 

c„ = (a« - n + l)co , ci = [ai - Li + 1)cq . (10) 

where c„ and c/ are the coupling constants for and 
F(7), respectively. Using the assumptions ([5]) and dl])-®. 



, K + w? 
{D - 2)dlA +[D-2 
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q^,iX) = 0, (11) 



{dyAY 



(12) 



Ra^bs (Z/) - - [2U + ej + -^—y) (Z/) = 0, (13) 

where R^ij{X) and Ra,bi{'^i) are the Ricci tensors of the 
metrics q^^iX) and Ua,bi{'^i)^ respectively, and U, K are 
defined as 



U = dlA + {D-2){dyAY , (14) 

(15) 



K = {n-l)fl-Y,{Li-l)f] 



Next we consider the gauge field. Under the assump- 
tions Eq. (O and Eq. ([5]), the Bianchi identities and the 
equations of motion for the gauge fields are automatically 
satisfied. Substituting Eqs. © and dS])-® into Eq. (g]), 
the scalar field equation gives 



From the Eqs. ((T2|) and p6|) . we get 
1 



(16) 



A = A^ 
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.(17) 
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where Aq is constant. In terms of Eqs. ((T7)) - (|18|) . the field 
equations reduce to 



1 



K + m 



i?^.(X)--(^-/,^ + -^-^jq^,(X)=0, (19) 
. X 1/9 K + m'^\ , ^ , ^ 

Rarbr (Z/) - 2 ( ^? + -^—Y ) ""^"^ ^ ^ ■ (2°) 



Hence, the metric of D-dimensional spacetime can be writ- 
ten as 

ds^ = A^[cos{y-yQ)f'^''-''^[q^A^)dx^'dx'' 



2_{D_V) 
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df +J2ua,bA'Z'l)dz'"dz^' 



, (21) 



where A = e ° is constant, and y, yo are defined by 



/ K + 77l2 
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y, yo = 



2(^-1) 



(22) 
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If fn, and m satisfy the relation 



./ n f 
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(23) 



the solution leads to an ?i-dimensional de Sitter spacetime 
whose expansion rate H is given by 



1 



2(n- 1) 
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D - 1 



(24) 



Then it can be shown that when the n-dimcnsional space- 
time is de Sitter, all the internal spaces Z/ must be posi- 
tively curved, because from Eq. (|20p with (1^51) we obtain 
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hi 
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D - 1 



>Yi^Um>0- (25) 



From Eq. ((20)) the Ith internal space can be sphere S^, if 



D - 1 



> 0. 



(26) 



The 7?-dimensional metric Eq. (PT|) implies that there are 
curvature singularities at y = yo + (n + n {n is integer). 
Thus it is impossible to extend the spacetime across such 
a point and we should restrict y to be for a period, e.g.. 
yo - 7r/2 <y <yo +7^/2. 

Now we mention the relation of our solutions with super- 
gravity theories. The coupling constants of the scalar field 
in the supergravity theory are severely restricted. Actu- 
ally, its coupling constants have a particular value, which 
are written as p4l[25] 

2(n-l)(D-7i. -1) 
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where Nn, Nj and Nq are constants. In terms of Eqs. ([TU|) 
and (ITSl). these constants become 



Nn 
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(28) 



Though the cases of Ni = 4, {i = n, 1, 0) in the ten- 
or eleven-dimensional theory correspond to supergravities, 
we cannot choose it due to A'^o < 0. These supergravity 
solutions always give the X space to be an AdS spacetime. 
In our limited ansatz of fields, it is difficult to obtain the 
four-dimensional de Sitter spacetime in the supergravity 
models. 

We then discuss the case of m = 0. We assume that the 
Z?-dimensional metric takes the same form as Ec^. ^ . The 



scalar field (j) and the gauge field strengths are assumed to 
be 



F, 
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(29) 

(30) 
(31) 



where /„ and ij are constants, and r2(X), denotes the 
volume n-form, Lj-form of the Z/, respectively. In the 
following, we assume that the parameters c„, cj, an and 
aj are related by 



{an - n + l) {ai ~ Li + 1) c„ . 



(32) 



We then set a„ = a/ = 0. Upon setting the assump- 
tions Eq. dS]) and (|29 l) -(f32 |) . the Bianchi identities and the 
equations of motion for the gauge fields are automatically 
satisfied. In terms of the assumptions ([S]) and the field 
equations reduce to Eqs. (fT9)) - (|2T|) with m = 0. The 
Eq. (|19p with 171 = illustrates that de Sitter compactifi- 
cation is not allowed (see [26] for the general cases), while 
for m ^ the X space can be an Einstein space with a 
positive curvature where the existence of de Sitter solu- 
tions is clear. The Ith internal space Z/ can be sphere S^, 
if Eq. ((26)) with m = is satisfied. 

In the case of to = 0, there are solutions of supergravity 
in ten dimensions. From ([27]) and ([28]), the solution of 
(D, n, Li, L2) = (10, 4, 1, 4) with m = and £1 = (here 
/ = 1,2) gives that of ten-dimensional type IIA super- 
gravity. Similarly, the solution of {D,n,Li) = (10,2,7) 
with /2 = and m = (here / = 1) gives that of ten- 
dimensional type IIB supergravity. However, we observe 
that these solutions only lead to AdS compactifications. 

Summary. — In this work, we have presented exact 
solutions of the warped compactification on S^ x 0/^^^' 
as in our recent study on the warped compactification on 
S^xS-^"""^ [T5]. They gave us a family of new de Sitter 
solutions. We have illustrated how the matter fields, in 
particular the 0-form field strength, provide a de Sitter 
compactification to the higher-dimensional theory. The 
Einstein equations have led to a de Sitter spacetime in 
the presence of the 0-form field strength. If there is 
no 0-form, the Einstein equations require AdS compact- 
ifiactions. Though our model allows nontrivial warped 
compactifications, the geometry cannot become highly 
warped, since the warp factor is given in terms of a milder 
periodic function defined over S^. Thus it would not be 
enough to give large hierarchies. 
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